In this paper some necessary and sufficient conditions that the selfmapping / on a Hausdorff uniform space (X,li,Tu) is a contraction in a generalized description, i.e. by using a family of pseudometrics d = {dj : j € J} with U = Udi are given. These conditions are defined for / using some special bases of U. This permits to formulate some remetrization theorems for contractive type mappings in Hausdorff uniform spaces.
Introduction
C. Bessaga has proved the following theorem:
1.1. THEOREM (C. Bessaga [4] ). Suppose f is a mapping of an abstract set X into itself such that each iteration f n of f has a unique fixed point for n 6 N. Let A be any number with 0 < A < 1.
Then there exists a complete metric d for X such that f satisfies the Lipschitz condition with the constant A.
The above theorem prompted inducement to answer to the following question: Are there assumptions on the selfmapping / on the metric space (A', d) such that / is a contraction with respect to some metric e in X, where e is topologically equivalent to dl 1.2 . DEFINITION (V. Opojcev [28] ). Let (X,d) 
be a metric space and f : (X,d) -* (X,d). The mapping f is a C-contraction, shortly f £ C(X, Tj), if the following conditions hold:
For each A € (0.1) there exists a metric e in X, such that T e -Tj and f is a contraction on (X, e) with the constant A and (X, e) is complete whenever (X, d) is complete.
Td and T e denote here the topologies induced by d and e, respectively.
In [20] the following result is given:
THEOREM (V. Gerstein, B. Sadovski). Let f be a continuous selfmapping on a bounded metric space (X, d). Then f G C(X,Td) if there exists x £ X such that each sequence of the form f n x) n6^0 is convergent to x, uniformly with respect to x.
A suitable result for the selfmapping on a compact metric space was proved by L. Janos:
THEOREM (L. Janos [17]). Let (X,d) be a compact metric space. A continuous mapping f : (A', d) -• (X, d) is a C-contraction iff there exists x G X such that:
oo PI R (X) = {x}. n=0 P. Meyers has proved the following version of the remetrization theorem:
THEOREM (P. Meyers [22]). Let (X,d) be a metric space and let f be a continuous selfmapping on (X, d). If the following conditions hold:
(a) There exists x £ X such that x = fx, 
1.6. Remark. Bessaga's theorem [4] was generalized by many authors (see for example [2] , [16] , and [35] ). A. Ivanov [16] has proved some generalization of [4] in which the selfmapping / has more than one fixed point in X.
1.7.
Remark. The results of L. Janos [17] and P. Meyers [22] were generalized too. For example there are remetrization theorems in uniform spaces (see [1] , [3] [34] ) The remetrization theorems are used to prove some fixed point assertions for contractive type mappings (cf. R.D. Holmes [14] and I. Rosenholz [31] ) and in the theory of stability of solutions of differential equations (see for example P. Meyers [23] and V. Opojcev [28] ). Furthermore, these results are very important in the metric fixed point theory ([8] and [18] ).
Let the family U be a uniform structure in X. In the sequel Tu denotes the topology of U and (X,U,Tu) is the uniform space, shortly it denotes u.s. (X,U,Tu) .
If the u.s.(X,U,Tu) is a Hausdorff space, then it will be denoted a H.u.s. (X,U,Tu) .
In the sequel Ud denotes a metric structure of a metric space (X,d) and in this case Td = Tu d . But in general, as it is well-known there may exist more than one uniform structure on A' which generate the topology T^.
1.8.
Remark. Two different uniformities in X can generate the same topology. The problem of existence of a unique uniformity compatible with the topology T was considered at first by J. Dieudonne. He proved the following result (see for example [18] ): " If a topological space (A,T) is compact, then there exists a unique structure U according to T". Some necessary and sufficient conditions for the uniqueness of U compatible with T in X were given by R. Doss [7] (see [10] , p.562), P. Samuel [32] , T. Shirota [33] , E. Hewitt [13] and T.S. Gal [12] . Samuel and Shirota have proved indepently, the following result: "In the family of all uniformities compatible with the topology T in X there exists the smallest structure iff (A r ,T) is a locally compact space". E. Hewitt has proved the theorem: "The topological space (A', T) has a unique uniformity compatible with T iff for each two closed and disjoint subset of A' at least one of them is compact". Finally, it is worth quoting the following result of T.S. Gal [12] : "Let (X,T) be a uniformizable topological space. Let C(A") equipped with the uniform convergence topology, be the algebra of all continuous and bounded real valued functions on X. Later on A(X) denotes the subalgebra of all such elements of C(X) which are constant on the complement of some compact subset of A. The uniformizable Hausdorff space (X, T) has a unique uniformity compatible with T in A' iff -4(A') is dense in C(X)". It is obvious that in Theorems 1.3 and 1.4 the uniformities Ud and U e are equal.
Generally, in the theorems of P. Meyers's type the metric structure Ud is finer than U e , where U e is a structure generated by the metric e constructed in proofs of remetrization theorems. Thus, if for the metric space (A, d) there exist more than one uniformity compatible with Tj and if / : A -• A, then the construction of such metric e in A that U e = Ud and / is a contraction with respect to e is well-founded. The purpose of this paper is to find this metric e and this is accomplished by some exchanges of the bases of the uniform structure Ud• is pseudometrizable iff the uniformity U has a countable base". This theorem is a uniform version of the famous theorem of P. Urysohn and P.S. Alexandroff (see [10] , Th.5.4.9). At first the above fact was proved in [5] by E.W. Chittenden. The significant simplification of this metrization theorem was given in [11] by A.H. Frink.
DEFINITION. A function a : R+ R+ belongs to the class A(R + )
if it is a non-decreasing and right-continuous function, a(r) < r, and there exists r 0 > 0, such that a(r 0 ) > 0, and a(ri) + a(r 2 ) < a(ri + r2), t\, r 2 € R+.
Remark. If the function a belongs to A(R+)
then it is said to be a superadditive function (see for example V. Angelov [2] ). It is easy to see, that if a € then a(0) = 0, a is strictly increasing and lim^oo, a(t) = oo. 
Then for each a € A(R+) and each r 6 -R+ there exists the functional
D : X 2 -* R + such that the conditions (2.3)-(2.6) hold: (2.3) 0 < D(x, y) < r, x,yeX, (2.4) D(x,x) = 0, xeX, (2.5) D(x,y) = D(y,x), x,y E X and (2.6) U n = D n , » = 2,3,..., where D n = {(x, y) £ X 2 : D(x, y) < o n (r)}, n = 1,2,....
Proof. It is easy to verify that:
Now, let the function /z : X 2 N 0 \J {oo} be defined as follows:
For (x,y) 6 X 2 , the value D(x,y) is defined in the following way: 
where
Proof. At first, the equalities (l)- (2) will be proved:
For the proof of (1) the property (3) will be proved:
Suppose, that there does not exist the smallest no G Z such that (x,y) G rin>no ^n ^ But fr°m (2-7), f)ne2 ^n -an<^ t^1US t^iere exists the above no G Z. Let us denote
It is easy to see that:
Indeed, if (x, y) G Q for some (x, y) and no is the smallest integer, such that (x,y) G Uno then, in particular (x,y) G U'no-1 U Uno. Thus both (x,y) £ Uno-1 and (x, y) G t/no-This contradiction proves that Q = 0. For the proof of (2) let us suppose that there exist no,ko G Z such that
From the property (2.2) of {U n ) n^N0 we get
and U no -i -Uk" =0. This contradiction proves that (2) holds. Let fi : X 2 Z U {oo} be the function of the form:
and D : X 2 R+ be defined in the following way:
where f a n (r) for n = 0,1,... " \ min{a^1(r)} for n = -1, -2,.
The proof of (2.9)-(2.11) is similar to the proof of the property (2.8) of Lemma 2.5, because the sequence (a n (r))" 6 z has the following properties (5)- (6): (5) o n+ i(r) < a"(r), neZ, (6) lim a n (r) -0 and lim a"(r) = +oo.
n-+oo n-oo
Thus we can omit the proof of (2.9)-(2.11). 
14) for each n 6 N and each xi,..., x n+ i G X, the inequality holds Then by (*),
We also have • i=l 2.9. Remark. If in (2.15), a = 1, then U n+ 1 C U n , n € Z. But if for example in (2.15), a = 2 and ¡3 = 3, then U 2n+2 C U 2n , U 2n+ i C U 2n -i,n e Z. Thus in general (2.8) does not follows from (2.15).
Contractions in uniform spaces
Let (X,U,Tu) be a H.u.s. and let / : X -> X.
DEFINITION.
The mapping / is said to be a local contraction with respect to a base of the uniformity U, shortly / G LC{X,U ,B), if there exist a nonempty set J and a base B{NQ,J) = {Unj : n G NO,j G /} of U such that the following additional conditions hold: where A is the diagonal in A' 2 ,
DEFINITION. The selfmapping / on a H.u.s.(X,U,Tu)
is a contraction with respect to a base of the uniformity U, shortly / G C (X,li, B) , if there exist a non-void set J and the base B(Z, J) = {Unj : n G Z, j G J} of U such that the following conditions occur:
where Z is a set of all integers, (3.10) For each j £ J there exist A, (3 G N, a < (3, Knill [19] has given the following definition of a uniform contraction / on a u.s. (X,U,Tu) : " The mapping / : X -» X is a uniform contraction iff for each V £.U there exist symmetric entourages W and Q of A such that the condition holds: 
If the topology Tu is compact, then definitions of contraction and uniform contraction are equivalent (cf.
[19], Th.2.4). The following characterization of a contraction in a connected and compact space (X, T) has been given by R.J. Knill ([19] , Th.2.7): "A continuous mapping / in a connected and compact space (X, T) is a contraction iff the filter base of sets {/ n (A'),n = I,2,...} is convergent", d) "The selfmapping / on a quasi-uniform space (X,U,Tu) is occasionally small (see P. Morales [27] ) if for each (x, y) £ X 2 and each V £ U there exists n £ N, such that (f n x,f n y) £ V\ P. Morales proved in [29] "that each uniform contraction / : X -> X, such that / is occasionaly small mapping in a sequentially complete Hausdorff quasiuniform space (X,U,Tu) has a unique fixed point in X".
As it is well-known (cf.
[18], Part 6), each uniformity in X is generated by some family of uniformly continuous pseudometrics.
DEFINITION. A selfmapping / on a H.u.s.(X,U,Tu)
is a local uniform contraction, shortly / £ LC(X,U), if the condition occurs: (3.15) There exists a nonempty set«/, and/1 = (Aj) je j,
A j £ (0,1), j € J such that for each r = (rj)j £ j £ R+ there exists a family of pseudometrics d = {dj : j £ J} in A' such that dj < rj,j £ J and dj(fx, fy) < Xjdj(x, y) whenever dj(x, y) < rj, x,y £ X,j £ J and Ud = U. (x,y) whenever Dj(x, y) x, y G X, j G J. From Q xz U fl ZJ/ C i2 xy , the inequality pj(x, y) < pj (x, z) + pj(z, y) holds for x,y € X and pj (x, y) 
Proof.

A. fe LC(X,U) => / € LC(X,U,B).
Let
The family V = {V n j : n G N,j G J} is a base of the uniformity Ud and from Lemma 2.4 we get the inequality:
Therefore U p = Ud = U. From (1), the inequality holds: Pi{x,v) whenever pj(x,y) <¥J,x,yeJ. By (3) we get 
Now let m-1
1=0
Obviously, each <Xj is a pseudometric in X. It is easy to verify that the estimation holds:
We also have: 
Let C be the set of all Cauchy sequence in (X,p). Define (x n ) ~ (y n ) if and Pj(fx,fy) < Ajf>j(x,y) whenever Pj(x,y) < rj,x,y G X,j G J. For xo = c(xo),Pj(xo,/xo) < rj. Therefore (see for ex. [2] or [26] ) there exists x G X, such that (4) pj(x, fx) < Ajpj(x, x), Thus (compare [2] 
But in general Ud~DU in this case.
3.10.
Remark. For a linear selfmapping / on the normed space (X, || ||), where the spectral radius r(f) of / is less than 1, the construction of the norm | | which is equivalent to || || and such that / is a contraction with a constant A G (r(/), 1), is given in [20] . The norm of [20] is a model for the pseudometric aj of the proof of Theorem 3.6.
